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THE FORMAL MODULAR INVARIANT THEORY OF BINARY 

QU ANTICS* 

BY 

O. E. GLENN 

The group, G, represented by the general binary linear transformation 
in which the coefficients are parameters representing residues of the prime 
number p , has the universal co variants f 

Ijt ^^ X\ X^ — Xx X^ y 

a fundamental system being given by i = ii , Q = L^/Li . Assume that 

fm = (ao, ai, ••• , ttmlxi, .T2)'" 

is a binary quantic of order m whose coefficients are variables. We study the 
functions of the o's and a;'s which are invariantive under the operation of 
transforming fm by G . Sections 1, 2, 3 deal with methods of constructing 
such functions, especial attention being given to the case p = 2 . In § 5 
fundamental systems of first degree concomitants of the quartic and quintic 
are derived. Section 4 is devoted to a proof that if the systems of concomitants 
modulo 2 of the forms of orders 1,2,3 and the simultaneous systems obtained 
by combining forms of these three orders are all finite, then the system of fm is 
likewise finite. The hitherto undemonstrated theorem on the finiteness of 
the formal concomitants modulo 2 is thus reduced to a comparatively simple 
problem. In § 6 there is proved a theorem on the reducibility of any covari- 
ant, modulo 2 , of the binary cubic in terms of a set of fourteen invariants 
and covariants. 

1. Invariant operators 

In addition to modular polars and transvectants previously discussedj 
by the present writer we cite, in order to augment the number of construction 

* Presented to the Society, February 26, 1916. 

t Dickson, these Transactions, vol. 12 (1911), p. 75; and Madison Colloquium 
Lectures, 1913, p. 33. 

t O. E. Glenn, American Journal of Mathematics, vol. 37 (1915), p. 73; 
and Bulletin of the American Mathematical Society, vol. 21 (1915), 
p. 167. 
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methods, the universal operators obtained by replacing, in L and Q, the 
variables xi, X2 by the cogredient elements d/dxz, — d/dxi. Call these 
operators respectively is and Qs', 

^p(p— 1) ^pCp— 1) 

If Km is any formal co variant modulo p of degree-order {%, M) and if 

(1) (p + l)r + p(p - 1)* + w = if, 

then 

Crsw = is Qs K.M 

is a formal co variant of degree-order {i, w) . The number of concomitants 
yielded by this formula equals the number of distinct solutions in positive 
integers {r,s,w) of the linear diophantine equation (1), The lists given 
below are for p = 2 , Km = fm , each giving all forms Crsw for the corresponding 
m . Corresponding to each invariant Crso there exists an invariant operator 
23 ( d/da ) obtained by constructing the Aronhold operator for the two forms 
i*" Q' >fm- These are also given in the particular cases shown. 

m = 4 

n n "i 

C020 = a^ + a, + a,; ^ + 5^ +^-, 

Cioi = aixi + az Xi, C012 = ayx\ + as x\ . 

m = 5 

Clio = o.\ -\- a% + az + a^; -r— +'qZ' > 

Co2i = a^ Xi -\- az Xi , C102 = a2 Xi -\- az X2 , Coia = yCo2i • 

m = 6 
_d_ d_ d_ d_ d_ d d 

C200 = Co3o = as; a^ + a^ + a^ + a^ + aoe' da^"^ da^' 

Cm = {ai + az)xi+ {az + ai)x2, Cm.i = azQ, Cio3 = azL, 

Con = ai a;{ + as xf x\ -\- a^xt. 

m = 7 

8 Q 

C120 = ai + a2 + as + ^4 + as + ae; X^T' 

C201 = (a2 -I- a4)a;i -I- (as + 05)0:2, 

Cosi = (ao + ai + as + as + a6)a;i + (ai + 02 + 04 -1- ae -|- 07)3:2, 
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Cn2 = (ai + ai)xl + (as + a6)xl, 

Co23 = (ao + ^2 + a4,)xl + (ai + 03 + a6)xlx2 + (02 + at + a6)xixl 

+ (as + as + a7)xl, 
Cio4 = (ai + a2)xt + (as + a6)xt, 

C015 = ( ao + ai + 02 ) a;i + ( ai + a2 + as ) a;t a;2 + ( a4 + as + ae ) a;i x| 

+ (^5 + ae + a7)xi. 

2. COVARIANTS I-ED BY ASSIGNED SEMINVARIANTS 

If we add to the variables ao , ai , • • •; xi, x^ in any formal covariant 
<j>{ao, • • -'fXi, X2) of /m the increments of these variables when fm is trans- 
formed by x\ = x[, X2 = tx'i + x'2 , and then expand ( ao + 5ao , • • • ) by 
Taylor's theorem, we find that any formal covariant modulo p has an anni- 
hilator of the type* 

T = 0„ + 0...|^+02.?^+...+0,a^-^+..-. 

In this theory t is any residue modulo p and the expansion in question con- 
tains only the p terms obtained by reducing all powers of t below the pth by 
Format's theorem. The operator Oy (j = 0, 1, • • • ) is a partial differential 
operator in the derivatives with respect to the coefficients of /m , non-homo- 
geneous as to the derivatives the orders of which range from zero to infinity 
in. each Oy . 

If we apply T to a covariant and proceed as in the well-known proof of 
Roberts' theorem on the unique determination of an algebraical covariant 
from its seminvariant leader we find that the resulting relations in the co- 
variant's coefficients and the operators Oy ( j = , 1 , • • • ) are not recurrent 
in the formal theory, whereas they are recurrent in the algebraic theory. 
Thus a formal covariant is not uniquely determined from its leader. This 
is also evident from the fact that if T is any such covariant of order w ^ 
( mod p ) , then 

is also a formal covariant having the same seminvariant leader. 

Under definite conditions we can, however, derive a covariant T of order 
2? — 1 of /m having a given seminvariant S as leader. This is done by sub- 
stituting for ao, ai, a2, • • • in <S the derivatives 

* Cf . Dickson, these Transactions, vol. 8 (1907), p. 209. An e;tplicit Ho (5), 
analogous to On , is given in my paper in American Journal of Mathematics, 
loc. cit., p. 75. 
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1 dU 1 d'U 



Jm J 



m dx2 ' m ( m — 1 ) dxl 



regarding xi, x^ as integers modulo p and rearranging the result as a poly- 
nomial in Xi , X2 of order p — 1 . This is analogous to the process of Fa§ di 
Bruno for algebraic covariants. The same result is reached by expanding 
S {a'o, a'l, • • •) , corresponding to the transformation of fm by 

a;i = a;I , x^ = tx'i + x'i , 

replacing t by a;2/a;i and multiplying by x^~^ . The result is 

(2) T = Sxr' +^xr' X2+--- +-^^xrK 

Li I p — 1 

This is a formal covariant only provided it satisfies the differential congruence 
T r = ( mod p ) , and is symmetrical under the substitution 

s = ( ao Om ) ( ai am-i ) • • • ( a;i .T2 ) . 

Imposing these conditions we deduce the conditions which S must satisfy in 
order that it may lead the covariant of order p — 1. These are, (a) that S 
should be transformed into 0^~^ S/\ p — 1 by s, and (b) that the following 
congruences should be satisfied: 

(3) (^r' + Oi or^ + 02 ori) s ^ 0, 

(modp), 

{01 + OiOl + O2OI + ■■■ + Oj^20r^)S ^ 0, 

(Oo + Oi Oo + O2 0? + • • • + Op_i ori)s = 0. 

The theory of T is thus complicated. It is given here because nothing has 
been published hitherto on the determination of a covariant with a given 
leader, and also for the reason that it is of much practical use in constructing 
covariants with assigned properties in special cases. Let p = 2 , m = 3 . 
A seminvariant of /s is S = ao 02 + o! . Transformation of /s by a;i = cci , 
X2 = tx'i + x'2 gives 

S' = [ao + t{ai + a2 + as)] (02 + tos) + (ai + tasf 

= aa a2 -\- a\ ■\- {ao az -\- ai a2 -\- a-i a^ -\- al) t { mod 2 ) . 

Rendering 8 symmetrical with the coefficient of t (condition (a)) by adding 
the invariant ao 03 + ai 02 = A , (annihilated by Oo ) we have the formal 
linear covariant* 



*Cf. American Journal of Mathematics, loc. cit., p. 78. 
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aP = (S + A)xi + (A + aia^ + al)x^. 

For p = 3, m = 2 , 8 = aoa\ — alai, the method leads easily to the quad- 
ratic covariant of fi , 

Ce = 8x1 + ( ao ai — alai) X1X2 + ( ai a% — a\a2)xl. 

3. Some covaeiants of /„ modulo 2 

For the modulus 2 the real points {xi, x^) , other than (0,0), in the 
plane are (1,1), (0,1), (1,0). The values of fm at these points are, 
respectively, 

flo + Oi + • • • + am , dm, ao . 

By a theorem* of Dickson's, any symmetric function of these three expressions 
is a formal invariant, modulo 2 , all such being, of course, rational in the three 
elementary symmetric functions 

if = ai + 02 + • • • + Om-i, J = aoflm + (flo + a,n) (ao + a™ + Z) , 
(4) 

k = aa{ao + K + am)am. 

In the same way if 

Cm = Ao x^ + Aixf-^X2+--- 

is any formal covariant of fm , modulo 2 , any symmetric function of 

^0 + ••• + Am, Ao, Am 

is an invariant of the original form fm • Thus the middle coefficient of any 
quadratic covariant of /„ is an invariant, the sum of the two middle coefficients 
of any cubic covariant is an invariant, and so on. 

By means of the transformations on the a's induced by xi = a;i + tx'2 , 
X2 = x'2, viz. 

(5) «r = [(^7)''° + (T- 1 )"'+■■■ +C^ 1 )ar-ijt + ar 

(r = 0, ■••, to), 
it is readily shown that 

(5i) K2 = aox\ + KX1X2 + a^xl, Ki = (ao + K)xi + (K + a,„)x2, 

are formal co variants modulo 2 . 

Lemma. For any odd order m > 1 (p = 2) the form fm has a cubic covariant 
Kmi with leading coefficient ao , which is such that 

Kms = K2 (mod 2) 

for integral values of a;i , 0:2 . 

* These Transactions, vol. 15 (1914), p. 497. 

Trans. Am. Math. Soo. 36 
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The covariants Km3 for the first twelve odd orders m are 

Ki3 = aox\ + fli xl Xi + Oi xi xl + azxl, 

Ki3 = aax\ + ( ai + ^2 ) a:? 0:2 + (as + ai)xixl + a^ xl , 

K73 = ao a;? + ( (ii + a2 + a4 ) xf ar2 + ( as + as + ffle ) a;i a;i + an xi , 

i^93 = oo a;? + ( til + ^2 + as + a4 ) a;! a;2 + ( as + ae + 07 + as ) a;i a;i + ag a;i , 

ii^iis = ao a;? + ( ai + 02 + a4 + as + as ) a;? a;2 

+ ( as + ae + a? + 09 + aio ) a;i a;2 + an a;! . 

The general form to be proved is 

i^ms = ao a;i + Ji x\ x^ + 72 xx xl + a^xl, 
where 

Ii = ttii + • • • + tti., I2 = ay, + • • • + ay. , s = ^{m - 1), 

h + h = K. 

Assuming the increments of 7i , Z2 under (5) to he I'lt, I^t we readily show 
that 

I'l = I'l = ao ( mod 2 ) . 

Hence, letting Ii = on ai + • • • + aw-i a^-i ( ay = or 1 ) , we have from 
23 ST"' ccr a',- , with (5), the conclusion that the selection of the set a;, , ai^ , 
• • • ,ai, is accomplished by selecting a set cri of columns from the following 
Pascal triangle (6), the set to have the properties (a), (b) below: 

a) a). 

(6) fm -1\ fm -1\ /TO-lWm-l\ 

V 1 A 2 )"'\m-3)\m -2)' 

1) \2) \S) "'\m-2)\m-l)' 

Ol O2 as • • • Om-a dm-l . 

(a) The sum of the numbers of the first row of the selected set ai is odd. 

(6) The sum for all of the other rows of <ri is even. 

Grant for the moment that such a set can be selected. If its columns be 
deleted from (6) the set <r2 of columns remaining in (6) will also have the 
properties (a), (6) since Pascal's triangle is symmetrical with respect to the 
median drawn from ( ? ) . This second set 0-2 gives ay, , ay^ ,,•••, ay, , i. e., 72 • 

We now construct the triangle ABC made up of the residues modulo 2 of 
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Pascal's triangle, placing (?) at the upper vertex, with the aforesaid median 
drawn vertically. We note particularly the symmetrical properties, and in 
particular the regular recurrence of the inverted triangles of zeros, of increasing 
dimensions, having the median as a line of symmetry. Consider any ele- 
ment e of any horizontal row, to the left of the median. We call the column 
parallel to AB and containing e the column of e . The element e' in the same 
row as e but occupying the complementary position to the right of the median 
is called the complementary element of e . The column parallel to AB con- 
taining e' is the complementary row of e, and the column containing e and 
parallel to BC is the complementary column of e. We have e' = e, and 
the complementary row and complementary column of e identical. 

B 






1 1,^ 

0/0> 

1 O/O/l,^ 

l/0/l/0> 

1 \/\/\/\/\ 

0/0/0/0/0 

1 o/0/o/o/o 1 

'0 1 



111 

10 
110 1 

10 10 10 

1111111 


^0 0000001 
00000010 

- ^ .^. ., . .^. - = ^^0 1 1* 1 

^ 1 0^ 000001000 

10011000000000011001 

1 1 01000000000101010 

0\ \ 11 111000000001111 1 \ \A 

a-^ ttj ttj a, % flg a, a^ a. 

Suppose we wish to select Zi , i. e., the set <ri , for m = 19 . We take the 
left-hand half-row number 18 from B as hypotenuse and draw the triangle 
enclosing the columns of these elements. The elements on the hypotenuse 
correspond to set 

If the rows enclosed within this triangle satisfy conditions (a), (6) (as is the 
case for m = 17 ) then <j\ would be the set Ti and 7i equal to the sum of the 
5 ( m — 1 ) a's in their natural order beginning with ax . The sums of the 
rows above the first in the triangle are however 1,1,0,1,0,1,0,1( mod 2 ) 
respectively, instead ofO,0,0,0,0,0,0,0 (mod 2) required by condi- 
tion (6). To secure a triangle (augmented) which does satisfy (6) we replace 
some of the elements on the hypotenuse by their complementary elejnents, 
in this case 63 , 65 (corresponding to as , as ) by 63 , 65 (corresponding to ais ,014). 
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The columns of e^ , e^ are thus replaced by their complementary columns by 
rotating the latter counter-clockwise around es, e^. The augmented triangle 
now satisfies conditions (o), (b) and hence 

h = ai + a2 + au + tti + au + Os + a^ + as + a^ . 

Now the orders m for which the triangles do not need to be augmented are 
those giving the first row below the base of each central triangle of zeros. 
These values of m are 

(7) 3, 5, 9, 17, 33, •••, 2" + l, ■•• 

and 2" — 1 is the number of the row, counting downward from B , in which 
the base of the nth central triangle of zeros is found. For m = 2" + 1 , 7i 
equals the sum of the first 2""^ a's in their natural order, Ii = ai + Ui + • • • . 
Between any two consecutive cases of (7) there is a cycle of augmented tri- 
angles such that the whole configuration from B downward forms a sequence 
of recurring cycles of figures proceeding according to the laws of symmetry 
of the triangle ABC . Thus the set ai can always be selected and the lemma 
is true. 

We now observe that any covariant Cm of fm of odd order M has corre- 
sponding to it a quadratic and a cubic covariant of fm , constructed as co- 
variants of Cjf, on the models of K2, Kmz respectively. (Cf. § 6.) 

4. The finiteness of the formal concomitants foe the order m and 

MODULUS 2 

Theorem. The general quantic fm, m > 3, is reducible, modulo 2 , in terms 
of Q, L, and its own covariants of the first degree and orders 1,2,3. 

Let m be even, m = 2k. Then /,„ — Q*^^ K2 has the factor x^ . Hence 
it has the factor L, since the real points (mod 2) form a conjugate set under 
the group G . Therefore 

(8) fm^Q'^'K^ + LC (mod 2), 

where C is a first degree covariant of fm of odd order 2^ — 3 . Next let m 
be odd, m = 2h + 3 > 3. Then 

(9) fm^Q'^Kmz + LC' (mod 2), 

where C" is of even order 2h . 

The forms C , C are, in turn, reducible in terms of their own covariants of 
orders 2 , 3 with L and Q , and, as a covariant of C is a covariant of fm , we are 
led to a recurring process by which fm is in all cases expressed in terms of its 
covariants of orders 1,2,3, and L and Q , which was to be proved. 

Any concomitant of a polynomial in a set of concomitants is a function of 
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conconiitants of the forms in the set. Hence if the systems for the orders 
1, 2, 3, and the simultaneous systems modulo 2 for these three orders are 
finite, the system for/m is likewise finite (see § 6). 

5. Systems op the first degree 

While illustrating formulas (8), (9), we now derive fundamental systems 
of first degree concomitants for the quartic and the quintic forms. 

An independent set of linear seminvariants of fi is oq > o-i, a2 + as • The 
only linear invariant is (7o2o = ai + a2 + as ( = X , m = 4 (§ 3) ) . Multi- 
plication of Ki of (5i) and Cioi of § 1 by powers of Q gives covariants of 
any odd order led by ai, ao + K , and, by subtracting such covariants, co- 
variants led by Oo + a2 + as . 

Lemma. There exists no covariant of odd order led by K . 

Assume such a covariant in the form C = Kxf"^^ + Ixf' xi -\- • • • . Then 
from (5), m = 4, 

K{xf^^ + xTx2t+ •••) + r{xV'Xi^- •••) = C (mod2), 

where I becomes I' under (5). Hence, writing 7' = 7 + i-fi, 

X = 7i (mod 2). 

Now if 7 contains ai, the increment Ix contains ao, whereas K does not. 
Hence 7 does not contain a^. But the increment to a linear function of 
ao , ai , 02 , as contains ai only, whereas K contains a2 . Hence K ^ ly, a 
contradiction. 
It now follows that the general form of a covariant of odd order is 

C = [Xai + M(ao + a2 + as)]a;f+'+ •••. 
Thus 

C^ (X + M)Q'Cioi + MQ*i?i + ir (mod 2), 

where V is of even order 2^ — 2 . 

Any covariant of even order may be written 

C\ = [Xao + juai + J' ( a2 + as ) ] a;i* + • • • , 

and we have, using i!L2 (m = 4) of § 3, and C012 of § 1, 

Ci ^ Q*-i [\K. + (m + ") C012] + vKQ'^ + iri (mod 2); 

Ti being a first degree covariant of odd order 2A — 3 . Hence the fundamental 

system sought is 

(10) K, Ki, K2, Cioi, Con, L, Q. 

The form/4 itself is reducible as follows [cf. (8)]: 

fi^QK^ + LiKi + Cioi) (mod 2). 
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Employing Ki, K2, K, Kmz (m = 5) of § 3 and C021, do2 of § 1, we find 
for the required fundamental system of the quintic , 

(11) K, Ki, Ki, K^s, C021, C102, L, Q- 

The reduction of the form /s itself is given by 

/5 ^ QK,s + LiK2 + C102 ) ( mod 2 ) [cf. (9)]. 

6. On the complete system of the cubic, modulo 2 

The development of the asyzygetic theory of the concomitants of a form 
often precedes the derivation of its complete system. In this section we 
show that every covariant of order > 3 of a binary cubic, modulo 2 , is quasi- 
reducible (i. e., reducible on multiplication hy K' (5 s 0)) in terms of a set 
of fourteen concomitants, nine covariants and five invariants. 

It is known that the fundamental system of seminvariants* of /s modulo 2 is 

ao, K = ai + a2, Sqo = (ao + K + a3)ai, 
(12) 

A = ao 0-3 + ffli a2 , jS = af + ao ai , 

and also that /s has the invariants 

K , A , 7 = tto + Oo J? + 5oo , /<; = ao Sod , 

V = p{^ + K' + aoK){A + 5oo). 

In two previous papers (quoted above) I have shown that/3 has the covariantsf 

H = sxl + Aa;i X2 + {ai as + al) xl , 

(?i = (A + s)xi 4- (A + aitti + al)x2 (s = 0002 + 0?), 

P = alx\ + al x\ X2 + al xi xl + alxl, 
(14) Ki = {ao + K)xi+iK + as)x2, 

K2 = ao a;f + Kxi X2 -]r a^xl, 

Cr={al+K')x,+ {K' + al)x2, 

C2 = alxl + K^ Xl X2 + alxl. 
There is, therefore, a covariant led by jS , viz., 

t = KK2 + H = fix! + {A + K'^)xiX2 + (02 az + al)xl. 

* Dickson, Madison Colloquium Lectures, p. 53. 

fCf. American Journal of Mathematics, loc. cit., p. 78. The forms 
(^P, C'?'* in Table I are reducible as follows: 

C^' ^ LKi + QK2, Cf-p = Kt + {A + K^)Ki{moA2) . 



1916] FORMAL MODULAB INVARIANT THEORY OF BINARY QUANTICS 655 

None of the invariants A, g (below), I can be leading coefficients of co variants 
of odd order, but there exists a cubic covariant led by the invariant K , viz., 

G = QKi +fs = Kxi + (rto + flti + a3)xl Xi + (oo + 02 + a3)xixl + Kx^. 

Taking the elementary symmetric function of second degree in the coefficients 
of <, as explained in § 3 (4), we have the fourth degree invariant of /s, 

(15) g = l3' + ^iA + K')+^^i + 0iiA + K')+l3l (^, = a.aa + a^), 

= iS^ + ^ (A + ^2) + (A + 800) (^ + aoK + K') (mod 2) . 

Now from (13), (15) we have 

al + alK + aoI + k = 0, 

(16) 

+ {al + a,K + I + A)iaoK + K^)+g^O. 

Any seminvariant ^ of /a, being a polynomial in the seminvariants (12), is a 
polynomial in ao, K, ^ , A, I; 

4> = 0(ao,/3,if,A,7). 

We now use congruences (16) as reducing moduli, whereupon we are able to 
reduce all exponents* of jS (in </> ) below 2 and all exponents of a^ below 3 . 
Thus any seminvariant can be reduced to the form 

4> = Jo + Jia<y + Jial + (To + riao + rao?)/?, 

wherein J, , Ti (i — , 1,2) are invariants (expressed in terms oi K , A , Jc , 
I , g) some of which might be zero. Let C^^ be any covariant of /s of even 
order M = 2h, led by ^; C^ = <^a;?'' + • • • • Then, 

Cu = Q" Jo + Q^-'iK^ Ji + C2J2) 

+ Q"-! tVo + Q''-'iK2 Ti + CiT2)t + LC (mod 2) , 

where (7 is a covariant of odd order 2h — 3. Thus every covariant of even 
order > 3 is reducible in terms of our covariants and invariants. 

Proceeding to covariants of odd order; there is a covariant with semin- 
variant leader B = j8 + A , viz., 
I = Bxl + ( ao 02 + fli ^2 + cti 03 + 02) xl Xi 

+ (oo 02 + oi 02 + oi 03 + o? ) Xl a;2 + ( A + 02 03 + al ) xl 
^QGi + Kfs. 



* Cf . L. J. Reed, "Some fundamental systems of formal modular invariants and covariants," 
Dissertation, University of Pennsylvania, I9I5, § 3. 
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Replacing /3 by 5 + A in (16) and in <{> we can reduce any seminvariant to 
the form 

4> = Ro + Riao + R2al + (So + Si ao + S-, al)B, 

where iJ,-, /Si (i = 0, 1, 2) are polynomials in the five invariants K, A, h, 
I , g . Let Cjf be a co variant of /a of odd order iV = 2A + 3 > 3, led by ^; 
Cjvr = ^xf + • • • . Then 

KC^ ^q^R,G + KR, QVs + KR, Q" P 

+ X (ZSo Q* + ISi Ki Q^-i + IS2 O2 Q!"-^) + LC (mod 2) . 

We have now proved the following:* 

Theobem: Every formal covariant modulo 2 of order > 3 of the binary cubic 
fz is quasi-reducible, upon multiplication by K' (s ^ 0) , in terms of the fourteen 
concomitants listed beloiv : 

K, A, k, I, g, fs, K2, C2, Ku Gu P, t, L, Q. 



* On the subject of qiiasi-reduaihility in temariant theory, cf . Forsyth, American 
Journal of Mathematics, vol. 12 (1890). 

University .op Pennsylvania 



